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Measuring Mathematical Knowledge for Teaching (MKT) through open-

response items proves challenging, with studies reporting variability in 

reliability and unclear subdomain boundaries. We illustrate this through the 

development of a 19-item test assessing three MKT subdomains - 

Specialized Content Knowledge (SCK), Knowledge of Content and 

Students (KCS) and Knowledge of Content and Teaching (KCT) - for 

Dutch pre-service teachers. Despite careful validation, the instrument 

demonstrated low internal consistency across subdomains (standardized 

=.36-.42). Examining two KCT items revealed two construct-dependent 

challenges. One item achieved high inter-rater reliability (ICC=.890) yet 

confounded SCK/KCT constructs, as indicated by qualitative analysis. The 

other item showed lower inter-rater reliability (ICC=.524); resolving this 

through strict conceptual scoring criteria revealed pre-service teachers 

predominantly provide procedural explanations, causing restricted variance 

and contributing to low internal consistency across the KCT subdomain. 

These findings suggest that achieving both theoretical purity and internal 

consistency may be difficult when participants demonstrate predominantly 

procedural knowledge. 
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Introduction 

Measuring Mathematical Knowledge for Teaching (MKT) through written assessment 

proves difficult. Despite decades of instrument development following Ball et al.’s 

(2008) framework, studies consistently report variability in reliability and ambiguity in 

subdomain boundaries (e.g., Copur-Gencturk & Tolar, 2022). We experienced these 

challenges when developing an instrument measuring Dutch pre-service teachers’ 

(PSTs’) knowledge of algebraic reasoning across three of Ball et al.’s (2008) MKT 

subdomains: Specialized Content Knowledge (SCK), which refers to mathematical 

knowledge uniquely needed for teaching, such as analyzing why procedures work; 

Knowledge of Content and Students (KCS), which combines mathematical 

understanding with knowledge of how students typically think about, learn, or 

misunderstand particular content and Knowledge of Content and Teaching (KCT), 

which involves knowing how to design instruction and select representations or 

examples to support student learning of specific mathematical content. Despite a careful 

two-year validation process involving expert content validation (Phase 1), systematic 

scoring reliability analysis (Phase 2), and psychometric testing (Phase 3), the 

instrument showed low internal consistency across subdomains (standardized α 

between .36 and .42). The aim of this paper is to document where and why these 

validation difficulties arose, illustrating construct-dependent challenges that may 

reflect fundamental tensions in measuring KCT rather than merely correctable 
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instrument flaws. Such detailed documentation remains rare (Flake et al., 2017) but can 

clarify whether measurement difficulties stem from correctable instrument flaws or 

from fundamental tensions in the MKT construct itself.  

While Ball et al.’s (2008) framework distinguishes SCK, KCS and KCT as 

theoretically separate domains, empirically distinguishing these domains can be 

challenging. Explaining why an algebraic procedure works (SCK) is inseparable from 

evaluating how to teach it conceptually (KCT), making it difficult to isolate what KCT 

items actually measure. Another challenge involves normative judgments about 

procedural versus conceptual approaches. Skemp’s (1976) distinction between 

instrumental understanding (knowing how) and relational understanding (knowing 

why) applies across MKT domains. Open-response formats make these differences 

visible (Fauskanger, 2015), but introduce dilemmas: should procedural teaching 

strategies be credited as pragmatically effective, or scored lower as conceptually 

limited? This tension is particularly acute with PSTs, who often demonstrate 

instrumental rahter than relational understanding even in their final year (Maher & 

Muir, 2013). 

We illustrate these measurement challenges through our validation process. The 

instrument combined multiple-choice and open-response items. We focus on two open-

response KCT items because they most clearly illustrate two construct-dependent 

challenges described above: (1) subdomain overlap, where items blend SCK/KCT 

distinctions, and (2) normative judgment challenges, where raters disagree on whether 

procedural teaching strategies constitute adequate KCT. Open-response formats were 

essential because they distinguish procedural from conceptual understanding 

(Fauskanger, 2015), yet this very distinction creates scoring dilemmas about what 

counts as adequate pedagogical reasoning. 

Method  

We developed an MKT instrument on algebraic reasoning for Dutch PSTs, consisting 

of 19 items: three multiple-choice items targeting SCK and sixteen open-response items 

(3 SCK, 6 KCS, 7 KCT). Participants were fourth-year PSTs from three teacher 

education institutes (N=65). Validation followed a three-phase process. 

• Phase 1, May 2022: Content validation. Four experts classified all items into MKT 

subdomains and collaboratively developed scoring rubrics.  

• Phase 2, 2022-2023: Reliability scoring. The same four experts independently 

scored responses from six PSTs. We calculated inter-rater reliability (ICC, two-way 

random effects, absolute agreement) and then facilitated consensus discussions on 

disagreements. These deliberations were transcribed and analyzed to identify 

sources of scoring variability. Where experts agreed on what responses 

demonstrated but disagreed on scoring standards, explicit criteria were established. 

• Phase 3, 2023-2024: Empirical piloting and psychometric testing. With the full 

sample (N=65) and applying Phase 2 scoring agreements, we computed Cronbach's 

alpha per subdomain and analyzed score distributions. We selected two KCT items 

(Items 5 and 8) that proceeded through all three phases to illustrate the validation 

challenges identified. 

Results 

Psychometric analysis of the full 19-item instrument showed consistently low internal 

consistency across all three MKT subdomains (standardized α: SCK=.36, KCS=.42, 
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KCT=.37). Analysis of Phase 2 expert deliberations identified normative disagreement: 

experts agreed on what knowledge was demonstrated but disagreed on pedagogical 

adequacy. Phase 3 analyses uncovered a second construct-dependent challenge: 

subdomain overlap, where items blurred SCK/KCT distinctions despite intended 

classification. 

We illustrate these challenges through two items. First, Item 5 displayed high 

inter-rater reliability (ICC=.890 in Phase 2). However, Phase 3 analysis revealed 

subdomain overlap through qualitative analysis of responses: PSTs defaulted to 

demonstrating solution methods (SCK) rather than instructional explanations (KCT). 

Second, Item 8 showed lower inter-rater reliability (ICC=.524 in Phase 2) due to 

normative disagreement; resolving this through strict scoring criteria improved inter-

rater agreement but created floor effects when applied in Phase 3, with nearly half of 

PSTs scoring zero. These restricted score distributions were characteristic of the KCT 

subdomain and contributed to low internal consistency (α=.37). 

Pattern 1: Subdomain overlap (Item 5) 

Item 5 (see Figure 1) asks PSTs to show two ways to explain solving 

(2𝑥 + 3)/(4𝑥 + 6) = 2 , indicating advantages and disadvantages. This item was 

designed to assess KCT. 
 

Figure 1. Item 5 from the 2023-2024 instrument, based on Arcavi (1994, p. 27) 

 
 

PST 1 (Figure 2, left) warns against “instrumental understanding” yet fails to 

recognize 𝑥 = −1.5 makes the denominator zero. PST 2 (Figure 2, right) presents 

mathematically correct solutions with pedagogical commentary, but demonstrates how 

to solve, not how to explain to their students. High reliability (ICC=.890) resulted from 

shared scoring heuristics but the item prompted integrated responses that confounded 

subdomain boundaries. 
 

Figure 2. Responses on item 5 from PST 1 (left) and PST 2 (right) 

 



Fujita, T. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 45 (3) November 2025 

From Conference Proceedings 45-3 (BSRLM) available at bsrlm.org.uk © the author -  

Pattern 2: Normative judgment challenges (Item 8) 

Item 8 (Figure 3) presents a classroom dialogue about simplifying 3𝑒 +  7𝑒 where the 

teacher uses counting (“How many 𝑒’s?”) and the student responds “10 𝑒 squared.” 

PSTs are asked to explain how they would teach simplifying this. This item was 

designed to isolate KCT by providing a teaching scenario requiring pedagogical 

response.  

 
Figure 3. Item 8 from the 2023-2024 instrument, based on https://www.timssvideo.com/nl3-surface-

area (from 4:42 – 5:08) 

 
 

During Phase 2, Item 8 achieved moderate inter-rater reliability (ICC=.524). 

Raters agreed on what responses demonstrated, but disagreed whether procedural 

explanations constituted adequate KCT. This reflected Skemp’s (1976) debate: should 

procedural teaching strategies receive credit, or only relational and conceptual 

explanations? To resolve this disagreement, experts established explicit scoring criteria: 

procedural explanations would receive no points, while conceptual explanations 

emphasizing the variable concept would receive full credit. When these scoring 

agreements were applied in Phase 3 (N=65), improving inter-rater reliability, a new 

pattern emerged. Figure 4 shows two contrasting responses: PST 1 (at the left) 

combining notational and conceptual approaches with explicit attention to the meaning 

of variables, receiving full credit; PST 2 (at the right) focusing on notational 

conventions with only implicit conceptual attention, receiving minimal credit under the 

Phase 2 agreements. However, most Phase 3 responses resembled PST 2, providing 

largely procedural explanations with limited conceptual emphasis. 
 

Figure 4. Responses on item 8 (how and why) from PST 1 (left) and from PST 2 (right) 

  

Assigning 0 points to procedural explanations directly caused floor effects, with 

nearly half of PSTs scoring zero. Achieving adequate variance would require either less 

strict scoring criteria or items better aligned with PSTs’ knowledge levels. 

https://www.timssvideo.com/nl3-surface-area
https://www.timssvideo.com/nl3-surface-area
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Discussion  

Documenting the validation process unveils two construct-dependent challenges in 

assessing MKT: subdomain overlap (Item 5) and normative judgment challenges (Item 

8). These may not be merely correctable instrument deficiencies (Hoover et al., 2016) 

but appear to reflect fundamental tensions in how KCT is conceptualized and assessed 

when participants demonstrate predominantly instrumental rather than relational 

understanding. 

Our findings indicate that subdomain boundaries blur in PSTs' responses. Item 

5 achieved high inter-rater reliability yet revealed subdomain confusion: responses 

focused on solution methods (SCK) rather than instructional explanation (KCT). 

Without explicit pedagogical context, such as specifying student level, prior knowledge 

or instructional moment, the item design led to this blurring. Moreover, the substantial 

floor effects observed across KCT items point to deeper measurement challenges: when 

mathematical understanding is largely instrumental, pedagogical reasoning cannot 

emerge clearly. As Item 5 illustrates, PSTs demonstrated their own procedural solution 

methods, thereby revealing instrumental understanding, rather than conceptual 

pedagogical explanations. 

Item 8’s explicit pedagogical scenario more successfully isolated KCT by 

clearly signaling what type of knowledge was required. Yet Item 8 demonstrates how 

resolving one assessment challenge can expose another. Phase 2 identified normative 

disagreement: experts agreed on what responses demonstrated but disagreed on whether 

procedural strategies constituted adequate KCT, reflecting tensions between pragmatic 

views and normative standards requiring full conceptual justification (Scheiner et al., 

2024). Establishing strict scoring criteria resolved rater disagreement and improved 

inter-rater reliability. However, when applied at scale in Phase 3, these criteria revealed 

that most PSTs provide primarily procedural teaching explanations. This is consistent 

with Maher and Muir’s (2013) finding that final-year PSTs demonstrate instrumental 

rather than relational understanding. With nearly half of the PSTs scoring zero, this 

resulted in restricted variance, a pattern observed across multiple KCT items. 

These findings converge on a central insight: both challenges stem from PSTs 

demonstrating predominantly instrumental instead of relational understanding (Skemp, 

1976), that is, procedural rather than conceptual knowledge. Item 5 shows this through 

blurred SCK/KCT boundaries and extensive floor effects: PSTs’ responses did not 

demonstrate mathematical or pedagogical reasoning at the required conceptual level. 

Item 8 shows this through mostly procedural teaching explanations; even when 

explicitly asked for pedagogical reasoning, PSTs provide procedural approaches. This 

pattern resulted in restricted variance, producing low internal consistency  

(𝛼 = .37). The low alpha may not indicate poor item quality but rather accurately 

reflect PSTs’ actual knowledge profile of predominantly instrumental understanding 

that characterizes both their mathematical reasoning and pedagogical explanations.  

This analysis suggests that achieving both theoretical purity (measuring KCT as 

conceptually grounded pedagogical reasoning) and acceptable internal consistency may 

be inherently difficult when participants demonstrate predominantly procedural 

knowledge. Items targeting this conceptual standard primarily demonstrate what PSTs 

cannot yet do, generating floor effects that undermine psychometric quality. However, 

crediting instrumental understanding to improve score variance does not resolve the 

fundamental issue: items still risk measuring an undifferentiated blend of knowledge 

domains. When PSTs’ own mathematical understanding remains instrumental, 

distinguishing their pedagogical reasoning from their mathematical competence in 
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written assessments becomes extremely difficult. This creates an assessment dilemma 

with no straightforward solution: theoretical purity conflicts with psychometric 

adequacy when the construct demands conceptual reasoning that most PSTs have not 

yet developed. That measurement challenges with MKT vary depending on how 

content knowledge is conceptualized (Copur-Gencturk & Tolar, 2022) indicates these 

difficulties reflect fundamental tensions in the construct itself, which may be 

particularly acute when participants demonstrate predominantly instrumental 

understanding. 
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